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In practical applications, a crane must achieve both precise positioning and ef-fective suppression of swing. However, these dual requirements often present acontradiction: the acceleration and deceleration of the trolley may induce oscil-lations in the swing angle. This phenomenon stems from the inherent complexityof crane dynamics. On the one hand, cranes exhibit underactuated characteris-tics, as only the trolley is equipped with an actuator, while no direct actuator con-trols the swing angle. On the other hand, cranes possess highly coupled nonlineardynamics, where actuated and unactuated variables interact, increasing the com-plexity of control design. To address these challenges, this paper investigates anti-swing control for an overhead crane under disturbances. The proposed approachsuppresses swing by coupling its integral informationwith the trolley position andintroducing negative damping into the unactuated subsystem. To handle distur-bances, both matched and mismatched disturbances are incorporated into thecontrol channel and compensated through feedforward mechanisms. Theoreti-cal analysis demonstrates that the designed control system is stable. Simulationresults validate the effectiveness of the proposed approach.Keywords:Anti-swing Control; UnderactuatedCrane; Disturbances; Stability

1. Introduction
Cranes are a well-known class of nonlinear underactuated systems, with overhead cranes widelyused due to their relatively simple structure. Structurally, an overhead crane consists of a rail, a trolley,and a suspended rope [1–4]. Minimizing payload swing during trolley motion is crucial for ensuringoperational safety.The current researches on crane control can be classified into open-loop control and closed-loop
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control methods. For open-loop control methods, typical examples include input shaping and trajec-tory planning [5–8]. The closed-loop control methods, including sliding mode control [9, 10], flatness-based control [11, 12], and energy-based (passivity-based) control [13–15], have consistently played akey role in addressing the anti-swing issue of cranes. In the studies of SMC, actuated and unactuatedstates were typically to form sliding variable. The idea behind this is to enhance the dynamic behav-ior between driving and non-driving variables through coupling. This treatment can also be foundin energy-based approaches. Researchers argue that this enhancement can improve control perfor-mance and effectively suppress payload oscillations.The cranes are often deployed in complex environments, such as factories and ports, often facevarious disturbances. However, most of these methods exhibit limited robustness when cranes sufferfrom disturbances, especially mismatched disturbances. In overhead cranes, robustness in this con-text refers to the ability to suppress payload oscillations while maintaining precise trolley positioning.For example, when wind-induced swing is significant, the trolley should respond swiftly to mitigateoscillations. When external disturbances subside, it should restore positioning accuracy without com-promising swing suppression. At present, extensive research on crane control has aimed to enhancerobustness by mitigating disturbance effects. For example, the works of [16] and [17] used adaptiveapproach to deal with the unknown disturbance. It should be note that disturbance observer (DO)-based control algorithms have also received significant attention in the literature. Many types of dis-turbance observers have been proposed for overhead cranes, including extended state observers [18],nonlinear disturbance observers [19], and fixed-time disturbance observers [20]. However, the aboveapproaches primarily address matched disturbances, while suppression of unmatched disturbancesremains largely unexplored.Motivated by the above discussions, this work focus on the anti-swing strategy for overhead cranesunder matched and mismatched disturbances. The main contributions of this paper are summarizedin the following:1) A sufficient condition for stabilizing the unactuated variable is proposed, and from which, anauxiliary signal capable of attenuating the swing angle is derived.2) The proposed controller includes an effective disturbance compensation term to reduce theeffect disturbances, forcing the trolley to follow the desired translational motion asymptotically.3) Different from the existing control methods, an important feature of this method is that theattenuation property of swing angle can be maintained even under mismatched disturbances such aswind disturbances.
2. Model Description and Problem formulation

The underactauted crane system considered in this paper is shown in Fig.1, whose dynamic is de-scribed as
(M +m)ẍ+mlθ̈ cos (θ)−mlθ̇2 sin (θ) = Fu + Fr + ω1,

ml2θ̈ +ml cos (θ)ẍ+mgl sin (θ) = −dθθ̇ + ω2,
(1)

where M and m represent the trolley mass and the payload mass, l denotes the rope length, and
g is the gravity acceleration. x and θ denote the trolley position and the swing angle of the rope,respectively. Fu is the control torque to be designed, and ω1 and ω2 are the wind disturbance appliedhorizontally on the trolley and payload, respectively. Meanwhile, Fr is the friction, modeled by

Fr = −f0 tanh(ẋ/v0) + f1|ẋ|ẋ,

where f0, v0, and f1 are friction-related parameters.
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Fig. 1 Schematic illustration of a crane system.

The control goal is tomake the trolleymove to the desired potion pd while suppressing rope swing.To proceed, the following assumption is needed.
Assumption 1: The wind disturbance ωi (i = 1, 2) satisfy |ωi| ≤ ω0i, |ω̇i| ≤ ωi1, and |ω̈i| ≤ ωi2,where ω0i, ω1i, and ω2i are known positive constants.
Assumption 2: −π

3
≤ θ ≤ π

3
.

Assumption 3: The initial condition satisfy ẋ(0) = 0, θ(0) = 0, and θ̇(0) = 0.
3. Controller design and Main results

3.1 Sufficient conditions for stabilizing unactuated state

Let us regard the dynamic of θ̇ as a subsystem and consider the sufficient conditions for stabilizing
θ. Define S = x− xd − λ with xd and λ being designed as

xd =

{
(pd − x(0))

(
t
td
− sin(2πt/td)

2π

)
+ x(0), 0 ≤ t ≤ td,

pd, t ≥ td.

λ =kfe
−µt

∫ t

0

sin(θ)dτ,

where td > 0, kf > 0 and µ > 0. From (1), one has
θ̈ = −cos(θ)

l
(S̈ + λ̈+ ẍd)−

g

l
sin(θ) +

ω2 − dθθ̇

ml2
, (2)

which leads to the following proposition.
Proposition 1: If the auxiliary signals S satisfy S̈ ∈ L∞ and S̈ ∈ L2, then one obtains θ̇ → 0 and

θ → 0.
Proof: Introducing ζ1 = θ and ζ2 = θ̇ converts (2) to the cascade form as

ζ̇1 = ζ2,

ζ̇2 = −cos(ζ1)

l
(S̈ + λ̈+ ẍd)−

g

l
s1 +

ω2 − dθζ2
ml2

.
(3)
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Since S ≡ 0, one has S̈ = 0. For simplicity, denote s1 = sin (ζ1), c1 = cos (ζ1), λ1 = µ2

∫ t

0
s1dτand λ2 = −2µs1. Then, it follows that λ̈ = kfe

−µtλ1 + kfe
−µtλ2 + kfe

−µtc1ζ2. In the sequel, oneconsiders the following Lyapunov function
Vθ =

1

2
ζ22 +

g

l
(1− c1),

whose derivative is
V̇θ =− 1

l

(
kfe

−µtc21 +
dθ
ml

)
ζ22 −

S̈

l
c1ζ2 −

kf
l
c1ζ2e

−µt(λ1 + λ2) +
ω2

ml2
ζ2 −

ẍd

l
c1ζ2. (4)

Using Young’s inequality, it can be calculated that
− kf

l
c1ζ2e

−µtλ1 ≤
kf
4l
e−µtc21ζ

2
2 +

kf
l
e−µtλ2

1,

− kf
l
c1ζ2e

−µtλ2 ≤
kf
4l
e−µtc21ζ

2
2 +

kf
l
e−µtλ2

2,

− ẍd

l
c1ζ2 ≤

kf
4l
e−µtc21ζ

2
2 +

ẍ2
d

l
eµt ≤ kf

4l
e−µtc21ζ

2
2 +

eµtd

l
ẍ2
d,

and
− S̈

l
c1ζ2 ≤

3dθ
8ml2

ζ22 +
2m

3dθ
S̈2,

ω2

ml2
ζ2 ≤

3dθ
8ml2

ζ22 +
2

3dθml2
ω2
2.

Thus, (4) can be upper bounded as
V̇θ ≤− 1

4l

(
kfe

−µtc21 +
dθ
ml

)
ζ22 +

kf
l
e−µtλ2

1 +
kf
l
e−µtλ2

2 +
2

3dθml2
ω2
2 +

eµtd

l
ẍ2
d +

2m

3dθ
S̈2. (5)

Since S̈ ∈ L∞, there exists a constants such that |S̈| ≤ S̄. Note that
kf
l
e−µtλ2

1 ≤
kf
l
e−µtµ4t2 ≤ 4kfµ

2

le2
,

kf
l
e−µtλ2

2 ≤
4kf
l
e−µtµ2 ≤ 4kfµ

2

l
,

ẍ2
d ≤

4π2p2d
t4d

⇒ eµtd

l
ẍ2
d ≤

eµtd4π2p2d
lt4d

.

Then, (5) can be rewritten as
V̇θ ≤ − 1

4l

(
kfe

−µtc21 +
dθ
ml

)
ζ22 +∆, (6)

where ∆ =
4kfµ

2

le2
+

4kfµ
2

l
+

2ω2
02

3dθml2
+

eµtd4π2p2d
lt4d

+ 2m
3dθ

S̄2. Therefore, it can be further obtained that
|ζ2| ≤

√
4ml2∆

dθ
, i.e. ζ2 ∈ L∞.
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In addition, after some simple calculations, the following inequalities can be established

kf
l

∫ t

0

e−µτµ4τ 2dτ = −kfµ
3

l
e−µtt2 − 2kfµ

2

l
e−µtt− 2kfµ

l
e−µt +

2kfµ

l

≤ 4kfµ

le2
+

2kfµ

le
+

2kfµ

l
,

4kfµ
2

l

∫ t

0

e−µτdτ =
4kfµ

2

l
(− 1

µ
e−µt +

1

µ
) ≤ 4kfµ

l
.

(7)

Integrating (5) from 0 to t leads to the fact that
Vθ +

1

4l

∫ t

0

(
kfe

−µτ cos2(ζ1) +
dθ
ml

)
ζ22dτ ≤

∫ t

0

kf
l
e−µτλ2

1dτ +

∫ t

0

kf
l
e−µτλ2

2dτ

+
2

3dθml2

∫ t

0

ω2
2dτ +

eµtd

l

∫ t

0

ẍ2
ddτ,

which means
dθ

4ml2

∫ t

0

ζ22dτ ≤ kf
l

∫ t

0

e−µτµ4τ 2dτ +
4kfµ

2

l

∫ t

0

e−µτdτ +
2

3dθml2

∫ t

0

ω2
2dτ +

eµtd

l

∫ t

0

ẍ2
ddτ

≤ 4kfµ

le2
+

2kfµ

le
+

6kfµ

l
+

2

3dθml2

∫ t

0

ω2
2dτ +

eµtd

l

∫ t

0

ẍ2
ddτ < +∞.

Therefore, one obtains ζ2 ∈ L2. Since ζ2 ∈ L∞, one knows λ̈ ∈ L∞ ⇒ ζ̇2 ∈ L∞. Based onthe Barbalat’s Lemma, we have ζ2 → 0. In addition, it is not hard to figure out that 0 ≤ |λ̈| ≤
kfµ

2e−µtt + 2kfµe
−µt + kfe

−µt|ζ2|f(t). Bearing f(t) → 0 and |λ̈| ≥ 0 in mind, one can easily find
λ̈ → 0.Further, let

ḡ = ζ2, g0 = −g

l
s1, g1 = −c1

l
λ̈+

ω2

ml2
− dθζ2

ml2
.

Recalling (3), it yields that
˙̄g = g0 + g1,

where g0 and g1 satisfy ġ0 = −g
l
c1ζ2 ∈ L∞ and g1 → 0. Then utilizing the Extended Barbalat’s Lemmaget ˙̄g → 0, which implies g0 → 0 ⇒ ζ1 → 0.Clearly, if kf is set as kf = 0, then λ ≡ 0. The results in Proposition 1 can also be derived using thesimilar procedure in above proof, except that (6) becomes

V̇θ ≤ − 1

4l

( dθ
ml

)
ζ22 +∆. (8)

In this scenario, the convergence of the unactuated state only depends on the physical parametersof the system itself, including payload mass m, rope length l, and damping parameter dθ. In otherwords, the inserting of positive kf and µ in (6) increases the negative damping of subsystem 3, whichis helpful to enhance the anti-swing ability under wind disturbance. In the next subsection, we willillustrate the damping injection.
3.2 Controller design

By combining S, (2) and the first equation of (1), it obtains that
S̈ =

1

M̄
u+ h(x, ẋ, θ, θ̇, t) +

1

M̄
d(θ, t), (9)
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where

h = −(ẍd + λ̈) +
1

M̄

(
mg sin (θ) cos (θ) +

dθ
l
cos (θ)θ̇ +mlθ̇2 sin (θ)

)
,

d = ω1 −
ω2

l
cos (θ) + Fr,

M̄ = M +m sin2 (θ), u = Fu.

(10)

The speed and acceleration of the rope are always bounded due to its physical structure. There-fore, the following assumption is reasonable:
Assumption 4: |θ̇| ≤ θ1 (r/s), |θ̈| ≤ θ2 (r/s2).For practical applications, it is often not difficult to develop sufficiently large bounds on d, ḋ, and

d̈. Specifically, one has |d| ≤ ω01 +
ω02

l
d0, |ḋ| ≤ ω11 +

gω02

l
+ ω21

l
d1 and |d̈| ≤ ω21 +

g2

l
ω02 +

g
l
ω02 +

g
l
ω21 +

ω22

l
d2.Define two auxiliary signals as z1 = k1S + Ṡ and z2 = k2z1 + ż1 with k1 > 0 and k2 > 0.Subsequently, the controller is designed as

u = Fu = −M̄h− d̂− M̄(k2z1 + k1Ṡ),

d̂ = k3

∫ t

0

k2z1dτ + k3z1 + k4

∫ t

0

signz1dτ +

∫ t

0

z1dτ, d̂(0) = 0,
(11)

with the parameters satisfying
k1 >

1

2
, k2 > 1, k3 > mθ1, k4 > d1 +

d2
k2 − 1

. (12)
Now, let us summarize the main result of this paper.
Theorem 1: Consider system (1), under Assumptions 1-4, if the control law (11) with disturbancecompensation term d̂ is applied, then the position and swing angle satisfy x → pd and θ → 0.
Proof: Before the proof of Theorem 1, we construct the auxiliary function as

J̇ = −J − z2(ḋ− k4signz1), J(0) = 0. (13)
First, one shows the positive definiteness of J . With the similar analysis, it can be known that

J = k4|z1| − ḋz1 +

∫ t

0

e−(t−τ)L(τ)dτ,

L = (k2 − 1)(k4|z1| − z1ḋ) + z1d̈.

(14)

Based on the fact ḋz1 ≤ d1|z1| ⇒ −ḋz1 ≥ −d1|z1| and −z1d̈ ≤ d2|z1| ⇒ z1d̈ ≥ −d2|z1|, onefurther gets the following result
J ≥ (k4 − d1)|z1|+ e−t

∫ t

0

eτL(τ)dτ,

L ≥ (k2 − 1)
(
k4|z1| − d1|z1|

)
− d2|z1| ≥

(
(k2 − 1)(k4 − d1)− d2

)
|z1|.

(15)

Under the condition in (12), one obtains that
L ≥ 0 ⇒ J ≥ 0.
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Thereafter, one considers the Lyapunov function as

V =
1

2
S2 +

1

2
z21 +

M̄

2
z22 + J. (16)

Differentiating V , one obtains
V̇ =S(z1 − k1S) + z1(z2 − k2z1) + M̄z2ż2 +

Ṁ

2
z22 + J̇

=− k1S
2 − k2z

2
1 + Sz1 + z1z2 −

˙̄M

2
z22 − J + z2(ḋ− ˙̂

d)− z2(ḋ− k4signz1).

(17)

Note that
˙̂
d = k3z2 + k4signz1 + z1,

| ˙̄M | = |2m sin (θ) cos (θ)θ̇| ≤ 2mθ1.

Then, after a simple substitution, it can be obtained that
V̇ ≤ −(k1 −

1

2
)S2 − (k2 −

1

2
)z21 − J − (k3 −mθ1)z

2
2 ≤ −kV

⇒ V ≤ e−ktV (0),
(18)

in which k = min{2k1 − 1, 2k2 − 1, 2k3−2mθ1
M+m

, 1}.Therefore, it claims that
|S| ≤

√
2e−ktV (0) ≤

√
2V (0),

|z1| ≤
√

2e−ktV (0) ≤
√

2V (0),

|z2| ≤
√

2e−ktV (0) ≤
√

2V (0).

(19)

Further, from z2 = k2z1 + ż1, we have S̈ = z2 + k2
1S − (k1 + k2)z1 ⇒ |S̈| ≤ k̄

√
2V (0) with

k̄ = 1 + k1 + k2 + k2
1. Meanwhile, it can be obtained that

S̈2 ≤ 2k̄2e−ktV (0) ⇒
∫ t

0

S̈2dτ ≤ 2k̄2

k
V (0). (20)

Then, applying proposition 1 knows θ → 0 and x → pd. The proof of Theorem 1 is completed.
4. Simulation verification

To validate the feasibility and effectiveness of the proposed approach, two cases of simulationsare carried out. The physical parameters areM = 200 kg,m = 20 kg, l = 5m and g = 9.8m/s2. Thecontrol parameters are k1 = k2 = k3 = 3, k4 = 30, kf = 1, and µ = 0.3. In the two cases of thesimulations, the control parameters keep unchanged.
Case 1: The system is only disturbed by the following friction:

Fr = −5.4 tanh(ẋ/0.1) + |ẋ|ẋ;

Case 2: Besides the friction in Case 1, the system is disturbed by the extra disturbance:
d = 10 sin (0.5πt), ω1 = ω2 =

{
10(t− 10)(t− 20) 10 ≤ t ≤ 20

0 others . (21)
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The simulation results of Case 1 are presented in Figs.2 and 3. Fig. 2 shows the trolley position

x, swing angel θ, and control input Fu. It can be seen that the trolley can adjust the load to thedesired position within about 10 s by tracking the time-varying signal xd (td = 8), and the swingangle is effectively confined to a small range. The effective control performance is attributed to thefeedforward compensation of d̂ for unknown friction, as illustrated in Fig. 3.
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Fig. 2 System responses of Case 1.
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Fig. 3 Disturbance estimation of Case 1.

In Case 2, additional disturbances are introduced, with mismatched disturbances occurring be-tween 10–20 s to simulate the wind disturbances. From Fig. 4, it can be seen that the trolley has beenregulated to the desired position with the swing angel being also removed before 10 s. In the timeinterval 10-20, it can be seen that the controller made corresponding adjustments to eliminate theswing. Fig. 5 displays the efficient disturbance estimation.
5. Conclusion

This paper investigated the anti-swing control of an overhead crane under disturbances, address-ing the dual challenge of precise positioning and swing suppression. The inherent underactuated na-
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Fig. 4 System responses of Case 2.
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Fig. 5 Disturbance estimation of Case 2.

ture of the crane, along with its strong coupling between actuated and unactuated variables, compli-cates control design. To overcome these challenges, a control strategy was developed that integratesthe integral information of the swing angle with the trolley position, effectively introducing nega-tive damping into the unactuated subsystem. Additionally, the disturbances were compensated forthrough feedforward mechanisms. Theoretical analysis and simulation results validated the effective-ness of the proposed approach, demonstrating its potential for improving crane control performancein practical applications. Future research will focus on the cranes with double pendulum effects.
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