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A bijective function with domain union of vertex and edge set to a range
natural numbers to onward count of vertices and edges of a graph. If there
is a bijective function G, then G is called as a H-magic graph, along with
the condition that every subgraph H’ from the original graph G, H’ is
isomorphic to H and with the interesting fact that sum of all the values
of vertices and edges is constant for all H’. This condition can be more
advance and strict when the first order-numbers assigned to the vertices
only and then this definitions is called as H-super magic. In this paper,
we study some polyomino structures, including zig-zag and linear chains.
We studied, C8-super magic labeling of zig-zag, linear chains and also the
disjoint union of non-isomorphic copies of both chains.

Introduction

Let a graph having properties with, finiteness, loop-less and without any multiple edges and direction,
say G = (V, E), in this V and E are its vertex and edge sets respectively. A labeling is a function with
domain of a graph’s vertex and/or edge set and range usually from the positive integers. A graph G
satisfies a H-covering, if all of the edges in the edge set of a graph G lies as to be a subgraph of G and

also isomorphic to H.
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Let a bijective function G : V (G)U E(G) — {1,2,...,|V(G) |+ |E (G) |}, if there is a bijective function
G. then G is called as a H-magic graph, along with the condition that every subgraph H’ from the original

graph G, H' is isomorphic to H and with the interesting fact that > G (v) + Y. G (e), is constant for
veV eckE
all H'. This condition can be more advance and strict when the first [V (G) |-numbers assigned to vertices

only and then this definitions is called as H-super magic.

The complete bipartite K, ,, and star graph K; ,, for some h are K p-super magic graphs. These classes
are the first families of graphs studied very first with the introduction of super magic labeling by [1]. The
path and cycle graph are Pj-super magic proved in the seminal work. Some basic and graphs obtained
by some operation, like wheel, prism, book and windmill graphs are cycle-super magic graphs proved
in [2] and devised the term for cycle magic and super magic labeling. Moreover, this definition is also
implemented on subdivided wheel graph in the same work.

The graph constructed by cycle and path such as ladders, book and fans graphs are studied by [3], under
the definition of cycle-super magic. The disjoint union of K-isomorphic copies of G is a GG-super magic
graph, proved by [4]. In [5,6], proved some results on the edge super magic labeling and also studied
about the deficiency of graphs. About the deficiency of graphs in terms of edge super magic are available
in [7]. The uniform subdivision of wheel graph and super edge-magic labeling of some chemical graphs are
discussed in [8,9]. The more detail of literature related to this topic and conceptual study we refer to the
very broad and dynamical survey [10].

Recently some basic sheets and lattice graphs along with general pumpkin graph are studied in [11], under
the definition of super edge magic labeling. Another recent work from [12], they studied the H-super
magic labeling of two basic family of graphs, which are cycle and path. The similar definition is studied
in [13] for some generalized class of graphs. Some advanced research on this topic and similar definitions
are studied in [14-16].

A system of N-polyomino is a finite planar graph that each interior portion is called as cell which is
associated with regular 4N -cycle. The number of 4N -cycles in a fragment S is called its length and
symbolized by 1(5). For any n > 2 4N -cycles one has 2 < I(S) < n. Particularly, a A/-polyomino chain is
a linear chain iff it contains exactly one fragment. A A/-polyomino chain is a zig-zag chain iff the length
of each fragment is 2. In Figure 1 and 2 zig-zag and linear polyomino chains are shown respectively. For
recent research work graph theoretical parameters one can see the citations [17-30].

Main Results

For N > 3, let G = ZPp_1 be a zig-zag polyomino network the vertex and edge sets of graph G as
follows:

V(G)={sq, ta: 1 <a<NIU{s’ £:1<b<N-1,1<c< 4},

E(G) ={sqta : 1 <a < N}U{saSas1, tatag1:1<a <N —1}U{sas?:c=1,1<b<
N-1,1<a<N-1}U{sbs,:¢=4,1<b<N-1,1<a<N-1}U{t.t":
c=1,1<b<N-1,1<a<N-1}U{thty:c=41<b<N -1,3<a<

N =1 U {shsl,y, thl, 1 :1<c<3,1<b<N —1}. (1)

Theorem 0.1. For any positive integer N > 3, the graph G = ZP 1 is Cg-supermagic.

Proof. Consider 0 = |V (G) | and s = |E (G) |. then o = 2]\/’+4(L%J + {%/ —1]), s=N+2N-1)+
N N

Az + 15 -1
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Describe a total labeling G : V (G) U E (G) — {1,2,...,bN —2+4 (L%[J + {%/ —1])}, as follows:
Case 1: For 1 <a < N;
G (sa) = a. (2)
Case 2: For 1 <b< N —-1,1<c¢<4,b=o0dd;
G(sY)=b+1l+cWNV—-1). (3)
Case 3: For 2<a <N —1, a = even;
G (8aSar1) = 8N +a —5. (4)

Case 4: For 1 <b< N -1, 1<¢<3, b=odd;

G (sbsb,y) = 14N —b—c (N —1) — 10. (5)
Case 5: For 1 <b< N -1, 1<a<N -1, c=1, aand b are odd;
G (sas?) =8N —4—c+b. (6)
Case 6: ¢ =4, b= o0dd, a = even;
G (s2sa) = 10N = b+ ¢ — 10. (7)
Case 7: For 1 <a < N;
G (ta) =6N —a—3. (8)

Case 8: For 2<bh< N —1, 1 <c<4, b=even;
G()=b+1l+cWNV—1). 9)
Case 9: For 1 <a <N —1, a=o0dd;
G (tatar1) = TN — 4 +a. (10)
Case 10: For 2<b< N —1, 1 <¢<3, b=even;
G (th0,1) = 14N —b—c (N — 1) — 10. (11)
Case 11: For 2<b< N -1, 2<a<N —1, c=1, aand b are even;
G (tat?) = TN +b—c—3. (12)
Case 12: For 2<b<N —-1,3<a<N -1, c=4, b=even, a = odd;
G (t't,) = 10N — b+ c — 10. (13)
Case 13: For 1 <a < N;
G (S4ta) = TN —a —3. (14)

It is simple to see that for every subcycle C¢ : 1 < d < (M — 1) of ZP_1, the weight of C¢ is 97N — 58.
Hence ZP 1 is Cg-supermagic. O
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Figure 1: Cg-super magic labeling of ZP, with each cell weight is 427.

Consider N > 2,G = LP_1be a linear N -polymino chain graph and let 0 = |V (G)| and s = |E (G) |.

Then o = 6N — 4, s = TN — 6, the vertex and edge sets of graph G as follow:

V(G) ={sq, ta: 1 <a<N}U{s§, t5:1<c<N —1,b=1,2},

E(G)={sata:1<a<N}U{sasj:1<c<N-1b=11<a<N -1}
Uftats :1<c<N —-1,b=1,1<a <N —1}U{s{sq, tit,
2<a<N-1,1<c<N-1}U{sfss 1 :b=1,1<c<N -1}

U{titi 1 :b=1,1<c<N —1}.

Theorem 0.2. The graph G = LPr_1, where N > 2 is Cs-supermagic.

Proof. Describe a total labeling G : V (G) U E(G) — {1,2,...,13N — 10}. as follows:

Throughout the following labeling, we will consider 1 <c¢ < N —1
Case 1: For 1 <a < N

G (sq) = a.
Case 2: For b =1,2;
G(s)=2N+2(c—1)+1+(b—-1).
Case 3: Forb=1, 1<a<N —1;

G (sasy) =3N +5N —b) +c,
G (sgsiyr) =3N+10(N —1) —2(c—b).

Case 4: Forb=2, 2<a < N;

G(sg8a) =3N+10N =-1)—2(c—1)—(b—1).
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Case 5: For 1 <a < N;

G(ta) =2N —(a—1) (21)
Case 6: For b= 1,2;
Gg) =2N+2N -1)+2(c—1)+(b—1)+ 1 (22)
Case 7: Forb=1, 1<a <N —1;
G (taty) =2N +5N —=b)+ (c— 1)+ (b+1), (23)
G (titg 1) =3N +8 (N —1)=2(c—b). (24)
Case 8: Forb=2, 2<a <N;
G (tite) =3N +8N =1)=2(c—1) — (b—1). (25)
Case 9: For 1 <a < \;
G (sata) =TN —a—3. (26)

After labeling the vertices and edges of graph G, we can see that the every subcycle C¢: 1 </ <N —1
under the labeling G, the weight of every cycle C¢ is 93N — 50. Hence the graph G = LPy_; is
Cg-supermagic. O

Figure 2: Cgsuper magic labeling of £LP,4 with each cell weight is 415.

In the following theorem, we consider Cgs-supermagic labeling for disjoint union of non-isomorphic copies
of N-polyomino linear chain.

Theorem 0.3. For some positive integers o, 3 and N > 3, the graph G = «LP,, U BLPR, where
n=N—-1,Re=N —iand1<i<N —2 is Cg-supermagic.

Proof. Consider 0 = |V (G)] and s = |E(G)|. Then 0 = 2[a (B3N —2)+ B3R —2)],5s = a (TN —6) +
B(TR - 6).

The vertex and edge sets of graph G as follows:
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={sf:1<a<N,1<b<a}u{ti:1<a<N,1<b<al
Ufug : 1 <a<R,1<c<ptU{v:1<a<R,1<c<p}
U{wh.:1<e<N-1,1<h<ad=1,2}
U{af.:1<e<N-1L1<h<ad=1,2}
U{yh,:d=1,21<e<R-1,1<h<p}
U{zf,:d=121<e<R-1,1<h<p},

EG) ={st:1<a<R1<b<a}U{stt : R+1<a<N,1<b<a}
U{ugvs :1<e<B,1<a<R-1}U{uiv;:1<c¢<pB,a=R}
U{sng,ezlSh:bga,lga:egR—l,dzl}
U{sgwg,e:lgh:bga,Rga:engl,dzl}
U{tgxg’e:lgh:bga,lga:eng:l}

U{tlal, :1<h=b<a,R-1<a=e<R,d=1}
U{ugyCJ;g:1§c:f§6,1§a:g§7?,72,d:1}
Olusyl, 1<e=f<pa=g=R-1d=1}

U{v dil<e=f<Bl<a=g<R-1, d_l}

U{wd,ewg+1,e:lghgaalgeg('/\[_l)vdzl}

U{wiesZ:1Sh:bga,Q§a§]\/,d:2,e+1=aanv1Seg./\/'—l}

U{af a1, 1<h<al<e<N-1d=1}

U{af th:1<h=b<o2<a<N,d=2e+1=a, and, 1<e<N -1}

U@LﬁﬂgﬂSfSﬁJSgSR—Ld=@

Ulyfui1<f=c<p2<a<Rd=2g+1=a, and, 1<g<'R—1}

i
U{zdgzd_Hg 1</<B1<g<R-1d=1}
{ehar

U

We will describe a total labeling G : V (G)U E(G) — {1,2,...,a (13N —10) + 3 (13R — 10)} .
Throughout the following labeling, we will consider 1 <b< o, 1 <c< 3, 1<h<a, 1< f <6

Case 1: For 1 <a < N;
G(L)=a+N(b-1).
Case 2: For1<e<N -1, d=1,2;
G (wh,)=2aN +28R+h+a(d—1)+2a(e—1).

Case 3: For d = 1;
withl1 <e<R-1,1<a<R-1;

G(shwli)=o0+aN+BR+a N -1)+B(R-1)+d+ (a+B)(a—1)+
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withR<a<N -1

,R<e<N-1;

G(shwli.)=o0+aN +BR+aN -1)+B(R-1)+d+ (a+B)(R-2)+a+a(a—R)+(b—1),

withl1<e<N -1

g(wg7ew§+17e) =o0+s5—2a(e—1)—(h—d).

Case 4: For 1 <a < N;

G(t) =2aN +2B8R - N (b—1)—a+1.

Case 5: For 1 <a<Rd=11<e<R;

G(thali.)=o+aN +BR+d+ (a+p)(a—1)+(b—1).

Case 6: For 1<e<N —1d=1,2;

Q(wZ’e):2a./\/+2672+h+a(d—1)+2a(e—1)+2a(N—1).

Case 7: For d = 1;
with R+1<a<N

G(thali.)=o0+aN +BR+R(a+ ) +ala— (R+1)]+(b—1)—(B-1),

with1 <e<N —1;

-1L,R+1<e<N -1

g(mg,exgﬂ)e) =0+s5—2aN—-1)—2a(e—1)—(h—4d).

Case 8: Ford=2,2<a<MN,e+1=aqa, and, 1 <e< N —1;

Gz t))=0+s—2a(e—1)—2a(N—-1)— (h—d+1)— o

Case 9: For1 <a <R;

Case 10: For R +1

Case 11: For 1 <a

Case 12: For 1 <g

g(yﬁ,g) =2aN +28R+ f+B(d—1)+28(g—1)+4a (N —1).

Case 13: For d = 1;
with 1 <g <R -—1;

G(shth) =0+ aN +pR—(a—1)(a+ ) —(b—1).
<a<WN;
Galt))=o+aWN-R)+B—afla— (R+1)]—(b-1).
<R;
Gui)=aN+a+R(c—1).

<R-1d=1,2

G (vl li1y) =0+s—da (W =1)=2a(9—1)— (f - d),
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with1<a<R—-21<g<R-—2
G (utyl,) =o+aN+BR+aN -1)+BR-1)+d+a+28(a—1)+(-1),  (44)
witha=R —1,g=R — 1;
g(ugy({,g) —o4s—(B-1)+(c—1)—4daN—1)—48(R—1). (45)
Case 14: Ford =2, with2<a <R,g+1l=aand 1 <g <R —1;
G (yhyus) =0+s—4a(N=1)=28(g— 1)~ (f—d+1) - 6. (46)
Case 15: For 1 < a < R;
G(vS)=aN +26R —(a—1) —R(c—1). (47)
Case 16: For 1< g<R—1, d=1,2;
g(zg,g) —2aN + 28R+ f+B(d—1)+28(g—1)+2B(R—1)+4a(N —1). (48)
Case 17: Ford=1, with 1 <a <R -1,1<g<R—1;
g(vghig)=o+aN+ﬂR+(a+ﬁ)(a—1)+f+a, (49)
g(z;gzgﬂﬂ) —o4s—da(N—1)—2a(g—1)— (f—d)—28(R—1). (50)

Case 18: Ford =2, with2<a<R-1,9+1=a, and, 1 <g<R-1;

G (2f,0) =ots—4a(W=1)=28(g—1) = 28(R—1) = (f —d+1) - 5. (51)
Case 19: For 1 <a <R — 1;
Guivi)=o0+aN +pR—-—a—(a—1)(a+p)—(c—1). (52)
Case 20: For a = R;
GusvS) =o+p8—(c—1). (53)

It is simple to acquit that for every subcycle Cf : 1 <3< a(N —1)+B(R —1) of G = aLP, UBLPRthe
weight of CJ is 93 (N + BR) — 58 (a + 3) + 8. HenceG = aLP,, U BLPR isCs-supermagic. O

In the following theorem, we consider Cg-supermagic labeling for disjoint union of non-isomorphic copies
of N-polyomino Zig-Zag chain.

Theorem 0.4. For some positive integers B,a and N > 3, the graph G = BZPx_1 U aZPr, where
R=N—1i, and 1 <i <N —2 is Cg-supermagic.

Proof. Consider o = |V(G)| and 5 = |E(G)|. Then o = 25(/\/’—&-2{%@—}—2{
20(R+2[F]+2[F -1]), s =B (3N =2+ 4[F] +4[5 -1]) +a (3R -2+4|F] +4]

For our convenience the vertex and edge sets of graph G as follows:

Rz
|
-
_|_
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V(G)={sl, th:1<a<N,1<b<pBU{ul:1<a<R1I<h<alU{v):1<a<R,1<h<a}
Ufwi,:1<e<B1<g<N-11<d<4}u{af, :1<c<B,2<g<N-11<d<4}
Ufyiril<e<al<f<R-1,1<d<4juU{zj;:1<e<a2<f<R-1,1<d<4},

EG)={sitt:1<a<R1<b<pU{ufl:1<a<R-1,1<h<a}

ULl i R+1<a<N,1<b<BU{ulv)a=R,1<h<a}
U{sbwj,:1<c=b<pd=11<g<R-1,1<a<R-1}
U{sbwj,:1<c=b<Bd=1R<a<N-1,R<g<N -1}

U{thtd 1 :1<b<B1<a<RyuU{stsd, :1<b<pB2<a<R-1}

U{stsh 1t 1<b<BR<a<N-1}U{thai,:1<b=c<pB,d=11<a<R,1<g<R}
U{tlai,:1<b=c<B,d=1R+1<a<N-1LR+1<g<N -1}

U{thtl 1 1<b<BR+1<a<N-1}U{ulul :1<h<a2<a<R-2}
U{uZuZ+1:1Shga,a:Rfl}U{unyi’f:lghga,lgega,a:Rfl,dzl,
f:R—l}U{vaZH:1§h§a,1§a§7€—1}
U{viziril<e<al<h<a,d=12<a<R-12<f<R-1}
U{wg,wiy,,:1<d<3,1<e<B1<g<N -1}
U{ag,25,,,:1<d<3,1<c<p,2<g<N-1}
U{ygpui:1<d<3,1<e<a,l<f<R-1}
U{zg20415:1<d<3,1<e<a,1<f<R-1}
U{wi,sh:d=4,1<g<N-12<a<N,1<b< B}

U{ag, th:d=41<g<N-13<a<N,1<b< B 1<c<p}

U{ygsul :d=41<g<R-1,2<a<R,1<h<al<e<a}
U{zgpoh:d=42<f<R-13<a<R1<e<ao,1<h<a}
U{upyip:d=11<f<R-21<a<R-21<e<al<h<a}. (54)

Deﬁneatotallabelingg:V(G)UE(G)—>{1,2,...,6(5N—2+8L%J+8[%—1W)+a(5R—2+8L%J+8[%
Throughout the following labeling, we will consider 1 <b< 3, 1<h<a, 1<c<fg, 1<e<La.
Case 1: For 1 <a < N;
G(sL)=a+N(b-1).
Case 2: For 1 <d<4,with1<g<N —1, g=o0dd;
G(wiy) =28N+2aR+28(g—1)+(c—1)+B(d—1)+1.
Case 3: For 1 <d<3,with1<g< N —1, g=odd;
G (WG wiy1,) =0+s5—B(d—1)=28(g—1) = (c—1).

Case 4: For d = 1;
with 1 <g<R-1,1<a<R-1,a=o0dd, g=o0dd;

G(shwi,) =o0+BRN —1)+aRR—-1)+d+ (B+a)(a—1)+(b—1),

(0]



with R<g<N-1,R<a<N-1,a=o0dd, g =odd;
G(shwi,) =o+BRN -1 +aRR-1)+d+(B+a)(R-2)+(b-1)+B(l+a-TR).
Case 5: Ford =4, with 1 <g <N —1,2<a <N, g=o0dd,a = even;
G(wGysh) =o+s—Bd—1)—(b—1)—28(g—1).
Case 6: For2<a <R —1, a =even;
G (shstoin) =0+BRN -1 +a@R-1)+(a=2)(B+a)+(b-1)+1+(B+a).
Case 7: For 1 <a <R;
G(shpl) =0+ BN +aR - (B+a)(a—1)—(b—1).
Case 8: For R+1<a<WN,;
G2 =0+ BN -R)+a—Ba—(R+1))—(b—1).
Case 9: For R<a <N —1, a = even;
G(sbsb, ) =0+BN -1)+a@R-1)+(R-2)(B+a)+B(1+a—R)+(b—1)+1.
Case 10: For 1 <a < N;
G(th) =268N+2aR-N(b—1)—a+1.
Case 11: For 1 <d<4,2<g< N —1, g =even;

N

G(25,) =26N +20R+26(9—2)+ (c—1)+43 {QJ +1+8(d-1).

Case 12: For 1 <d<3,2<g<N —1, g =even;

G (2§ 7511,,) =0+5—B(d—1)~28(g9—2) — (c— 1) — 48 m

Case 13: Ford=1
with 2 <a <R,2<g<R,a=even, g=even;

G(thaG,) =0+ BN +aR+(a—1)(B+a)+(b—1)+d+ (B+ ).
with R+1<a<N-1,R+1<g<N —1,a=even, g=even;
G(thaG,) =o0+BN+aR+R(B+a)+Ba—(R+d)+(b—d)—(a—d).

Case 14: Ford=42<g<N —-1,3<a <N, a=o0dd, g=even;

g(xgvgtg)zo—ks—/a’(él V;/J +(d—1)+2(g—2)> —(b—1).
Case 15: For 1 <a <R, a = odd;

Gttt ) =0+BN+aR+(a—1)(B+a)+(b—1)+1.
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Case 16: For R+1<a <N —1, a =odd;
Gt ) =o0+BN+aR+R(B+a)+B(a— (R+1))+(b—1)— (a—1).
Case 17: For 1 <a < R;
G(ul)=BN+a+R(h-1).
Case 18: For 1 <d <4, 1< f<R—-1, f =o0dd,;

g(y27f)2(5N+aR+25 B/J + 28 mfﬂ +a(f1))+1+a(d1)+(el).

Case 19: For 1 <d<3, 1< f<R-1, f=o0dd,;

G (45 s¥sr.s) o+sa<d1>2a<f1><el>4/a(m ; Mﬂ)

Case 20: For d = 1;
witha=R—-1,f=R—1,a=o0dd, f =o0dd;

G(ubyss) =0+ BN -1)+a(@R-1)+ BN —d)+a(R-2)+d+(a—R+d)+ (h—d),
withl<a<R-21<f<R-2;
G(ubys;) =0+ BN -1 +a@R-1)+d+ B+ (B+a)(a—1)+ (h—1).

Case 21: Ford=4,1< f<R-12<a <R, f=o0dd, a=even;

g(y27fu2)=0+5—46<v;/J + Pg—lb —a(d—1)—2a(f-1)—(h—1).
Case 22: For 2 < a <R —2, a = even;
G(uhul ) =0+BECN -1)+a2R-1)+B+1+(B+a)(a—1)+(h—1).

Case 23: For a = R — 1, a = even;

G(uhul ) =o0+BEN -1)+aPR-1D)+BN -1)+a(R-2)+(a—R+2)— (h—1).
Case 24: For 1 < a < R;

G =aN +28R—(a—1)—R(h—1).

Case 25: For 1<d<4,2< f<R—1, f = even;

N

g(z§7f):2<,3N+aR+2,3 B/J +25q2—1b+a(f—2)+2a V;J>+a(d—l)+1+(e—1).

Case 26: For 1 <d<3,2< f<R-1, f =even;

g(z§7fz§+17f)=0—|—5—a(d—1)—(e—1)—4ﬁ<\:/;/J + Bf—lD —2@(2 V;J +(f—2)>.

7



Case 27: Ford=1,2<a<R-12< f<R -1, a=even, f=even;
G(vhzis) =0+ BWN+d)+aR+(B+a)a—2)+2(B+a)+ (h—1)—p.

Case 28: Ford=4,2< f<R-13<a<TR,a=o0dd, f=even;

g(zfi’fvfj)oJrszlﬂ(V;/J + m[lD a<(d1)+2(f2)+4V§J) —(h—1).

Case 29: For 1 <a <R —1, a =odd;
Gl ) =0+BN+aR+B+1+(B+a)(a—1)—(h—1).
Case 30: For 1 <a <R —1;
G (uhv!) =0+ BN +aR - (B+a)(a—1)— (h—1)—B.
Case 31: For a = R;

G (uvt)y=0+a—(h-1).

To show that G is a Cs-supermagic labeling of G, imagine C¥, 1 <n < (N — 1)+ a (R — 1), be the
subcycles of G = BZPp_1 UaZPr. Since the weight of every cycle Cf is

45 (BN + aR) + 488 V;/J + 4873 P;/‘ - 1—‘ + 48« V;J + 48« F; - 1—‘ —10(—-1)—-10(a—1)—12
therefore, G is a Cg-supermagic. O
Conclusion

When a graph having cycle sub-graphs either the graph itself is single component or disjoint union of
non-isomorphic copies of original graphs, by looking into a graph in the shape of cycle sub-graphs and
labeling each vertex and edge such that each cycle is obtained by same magic and also while assigning
numbering priorities given to the vertices is called as cycle-super magic labeling. In this paper, we study
some polyomino structures, including zig-zag and linear chains. We studied, Cg-super magic labeling of
zig-zag, linear chains and also the disjoint union of non-isomorphic copies of both chains.
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